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Abstract 

The purpose of this paper is to generahze Zhu's theorem about characters of modules 
over a vertex operator algebra to the setting of a vertex operator superalgebra whose 
vectors may have rational, rather than integer, conformal weights. It turns out that to 
recover S'L2(Z)-invariance of the characters, it is necessary to include twisted modules 
into the discussion. Another new feature arises in the super-case; the space of conformal 
blocks is no longer spanned by the trace functions of Zhu [H] , the twisted trace functions 
of Dong, Li and Mason [3], and their super-analogues. Some 'nonstandard' supertrace 
functions must be included. We prove that the space of supertrace functions, thus 
supplemented, spans a finite dimensional 5-L2(Z)-invariant space. We close the paper 
with several examples. 



1 Introduction 

Let g be a finite dimensional simple Lie algebra and let q be the corresponding affine Kac- 
Moody algebra. In [10] Kac and Peterson expressed the (normalized) characters of the 
integrable g-modules in terms of Jacobi theta functions. In particular they showed that the 
normalized characters of the integrable modules at a fixed level k G Z+ span an 5*1/2 (Z)- 
invariant vector space. Later the monstrous moonshine conjecture, linking the monster finite 
simple group with the modular j-function, was resolved by Borcherds using vertex operator 
algebras and generalized Kac-Moody algebras fT] , see also [B] . In a far reaching generalization 
of both works, Zhu [T^ proved that the characters of a C2-cofinite rational vertex operator 
algebra with integer conformal weights span an 5'L2(Z)-invariant vector space. 

Recall that a vertex operator algebra (VOA) consists of a vector space V , two distinguished 
vectors |0) and u (called the vacuum and Virasoro vector, respectively), and an assignment 
to each vector m G of a 'field' Y{u,z) = Xlnez'^C")-^"""^ where G EndV. These data 
are to satisfy certain axioms, see Definition 12.11 By definition V is C2-cofinite if V(_2)^ has 
finite codimension in V. 
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If Y{uj, z) = L{z) = ^„g2 LnZ~"'~'^ then the operators L„ form a representation on V of the 
Virasoro algebra with some central charge c. The energy operator Lq acts semisimply. The 
eigenvalue of an Lo-eigenvector m G is called its conformal weight, it is denoted A„, and 
we write Vk for the subspace of vectors of conformal weight k. 

A module over a VOA is a vector space M together with a field 



assigned to each u & V, satisfying certain axioms, see Definition l2.2[ Of particular importance 
for us are the positive energy modules; these are ]R+-graded modules M = ®jMj where 
the graded pieces Mj are finite dimensional, and for each u & V , n & — A„ + Z we have 
u^Mj C Mj_n- We say that V is rational if it has finitely many irreducible positive energy 
modules and every positive energy \^-module is a direct sum of irreducible ones. 

Zhu introduced a second VOA structure = J2nez'^{[n])^~^~^ ^ given VOA V, and 

a new Virasoro element u E V, see Definition I2.3[ Let be the new energy operator and 
V[k] the subspace of vectors with the L[o] -eigenvalue k. 

Let "H denote the complex upper half plane and Hol('H) the vector space of holomorphic 
functions on "H. We set q = e^'^" where t E H. Recall the weight k action of the modular 
group SL2{1') on Hol('H) given by 



Theorem 1.1 (Zhu). Let V he a C2-cofinite rational VOA such that all the conformal weights 



converges to a holomorphic function Sm{u,t) ofrEH. Let C{u) be the span of Sm{u,t) , as 
M runs over the set of irreducible positive energy V -modules. Then C{u) is finite dimensional 
and invariant under the weight k SL2{1')- action U.^) . 

There are many interesting cases not covered by Zhu's theorem. First there are supersymmet- 
ric analogues called vertex operator superalgebras (VOSAs) which are of great importance. 
Second the restriction to integer conformal weights rules out many examples with interesting 
modularity properties. There are, for example, the affine Kac- Moody VOAs Vfc(g) at admis- 
sible level k with modified Virasoro vector [1], and the affine ly-algebras /) associated 
to odd nilpotent elements / G [2| (where g is a finite dimensional simple Lie algebra). Even 
the very simple 'charged free fermions' VOSA, which we consider in detail in Section [11], has 
many Virasoro fields that equip it with non integer conformal weights. 

The present paper generalizes Theorem 11.11 to the case of a VOSA graded by rational con- 
formal weights. 

To obtain an 5*172 (Z)-invariant family of functions from a VOA or VOSA with non inte- 
ger conformal weights, we must be prepared to consider ^-modules that are '(^-twisted' for 




(1.1) 




(1.2) 
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some automorphisms g of V. A (7-twisted \^-module is a vector (super)space M with fields 
Y^'^u, z) = 'Ylin'^n where the sum is over n G e„ + Z (instead of — A„ + Z) for some 

real number e„ depending on u and g. See Definition 12.21 for the precise definition of g- 
twisted module, and the subsequent comments for an explanation of why the twisted theory 
is unavoidable. Positive energy ^f-twisted modules are defined as usual. We say that V is 
(jf-rational if the usual definition of rationality holds with 'module' replaced by '(yf-twisted 
module'. 

A twisted version of Theorem 11.11 was proved by Dong, Li, and Mason fSj. Like Zhu, they 
worked with a VOA V graded by integer conformal weights. Let G be a finite group of 
automorphisms of V and let g,h E G commute. Suppose M is a (7-twisted F-module. We 
may give the vector space M a different (^-twisted V-module structure (denoted h ■ M) by 
setting Y^'^^^u, z) = Y'^'\h{u),z) (we need g and h to commute for this to be a (yf-twisted 
module). Suppose h ■ M is equivalent to M, i.e., there exists an isomorphism 7 : M — )■ M 
such that 

h{u)^ = -f~\nl for allueV and n G e„ + Z. (1.3) 

Such M we call /i-invariant. For brevity we let P{g,V) denote the set of irreducible twisted 
positive energy l^-modules and Ph{g, V) the subset of /i- invariant modules. 

Theorem 1.2 (Dong, Li, and Mason). Let V be a C2-cofinite VOA such that all the conformal 
weights of V are integers. Let G be a finite group of automorphisms of V and suppose V is 
g -rational for each g E G. Let u G Vyu], let g,h E G commute and let M G Ph{g,V). The 
trace function 

TrM 7?^°-'/'' 

converges to a holomorphic function Sm{u, t) ofr G Ti. LetC{g, h; u) be the span of Sm{u, t), 
as M runs over Ph{g, V). Then C{g, h; u) is finite dimensional and we have 

{l^,):C{g,h;u)^C{g^h\g'h';u) 

under the weight k action /ll.B) of SL2{Z). 

A symmetric function on an associative algebra A is a linear map / : A — )■ C such that 
f{ab) = f{ba) for all a,b E A. The Wedderburn theorem states that a finite dimensional 
simple associative algebra is isomorphic to the matrix algebra End(C"), n > 1 (for us all 
algebras are over C). It is well known that all symmetric functions on End(C") are scalar 
multiples of the trace Trc". 

Now let A be an associative superalgebra (definitions and notation about superalgebras are 
given in Section [2]). A supersymmetric function on A is a linear map / : A — )• C such that 
f{ab) = p{a, b)f{ba) for all a^b E A. Finite dimensional simple associative superalgebras are 
of the following two types: End(C'"l^) for m + A; > 1, and Q„ = End(C'')[{]/(^2 ^ ^j^g^e ^ 
is an odd indeterminate. In this paper we refer to these as Type I and Type II superalgebras, 
respectively. Supersymmetric functions on End(C'"''^) are scalar multiples of the supertrace 
STr5;.m|fc. Supersymmetric functions on Q„ are scalar multiples oi ip : a Trcn(aO 

Since our main theorem concerns VOSAs, we need to associate supersymmetric general- 
izations of trace functions (called supertrace functions) to VOSA modules. But, like the 
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supersymmetric functions above, supertrace functions come in different types depending on 
the type of module (see formula (II ■4p below). 

Let y be a C2-cofinite VOSA and G a finite group of automorphisms of V. Assume V is 
graded by rational but not necessarily integer conformal weights. Fix commuting g,h G G. 
In [2J De Sole and Kac defined the unital associative superalgebra ZhugiV), generalizing 
constructions of Zhu and of Dong, Li and Mason. There are inverse functorial bijections, 
Q from P{g, V) to the set of irreducible Zhug(l^)-modules, and L going the other way. See 
Section |6] for more information. 

If V is gf-rational then Zh.ng{V) is finite dimensional and semisimple. In the main theorem 
below we assume the latter condition rather than the former. We do so because the latter 
condition is sufficient, and it is often much easier to check in practice than the former one. 
In fact, in Proposition 2.17(c) of |2] it is shown that C2-cofiniteness of V implies Zh.Ug{V) is 
finite dimensional. So in the main theorem below we assume V is C2-cofinite and Zhug(V^) 
is semisimple for each g & G. 

The automorphism h of V descends to an automorphism of ZhUg(V") which we also denote 
h. The simple components of Z\mg{V) are permuted by h. Let A be a /i- invariant simple 
component, let be its unique irreducible module, and put M = L{N). We have M G 
Ph{g,V) and all \^-modules in Ph{g,V) are obtained in this way from /i-invariant simple 
components of ZhUgiV). 

The supertrace function we associate to M is 

f STrM M^^7g^«-^/24 jf ^ jg jypg |^ jf ^ jg -pypg || ^^^^ ^ 

^m{U, gj - I ^^^^ ^M^^Lo~c/24 if ^ ig jypg II _ 

(L4) 

Here 7 : M — )■ M is an isomorphism satisfying (11. 3p . In Sections [7] and |8] we explain how this 
definition arises and we give an explicit description of 7 in each of the cases. 

The main result of this paper is 

Theorem 1.3 (Main Theorem). Let V be a G2-cofinite VOSA graded by rational conformal 
weights. Suppose G is a finite group of automorphisms ofV and that Zhu.g{V) is semisimple 
for each g E G. Let u G V\k], let g,h & G commute and let M G Ph{g,V). The supertrace 
function converges to a holomorphic function Sm{u,'^) ofrETi. Let C{g, h;u) be the 

span of Sm{u, t), M runs over Ph{g, V). Then C{g, h; u) is finite dimensional and we have 

{l^,):C{g,h;u)^C{g^h\g'h';u) (1.5) 

under the weight k action M.2\) of SL2{'L). 

The definition of the S'L2(Z)-action involves (cr + d)^^ for k ^TL. We define the latter as a 
principal value, see Section HI For A = (^ j) let 7a(t) = cr + d. We have 

lB{rY^lA{BT)-^ oc 1ab{tY^ 

for all A, i? G 5*^2 (Z), where the constant of proportionality is a root of unity. There 
is equality for all A, B only when /c G Z. Therefore equation (II. 2p defines a projective 
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representation of SL2{Z) on C{u) = Q)g^heGC{g,h]u). It is a true representation when the 
conformal weight of u in an integer. 

Let be a VOSA with even elements of integer conformal weight and odd elements of half 
odd integer conformal weight. Let G = {1,0"^} = Z/2Z where crv{u) = (— is the usual 
superspace involution on V. Consider Theorem 11.31 applied to the vacuum vector u = |0). In 
Section [S] we give an explicit description of 7. In the case of a Type II module with h{^) = ^, 
7 is odd and so the supertrace function vanishes on |0). In both other cases we may take 
7 = aM if /i = (Ty and 7 = 1 if /i = 1. Clearly STr*/ a^g^""'/^^ = Tr^ Finally, for 

both h = 1 and h = ay, all l^- modules are /i-invariant. So we conclude: 

• The supercharacters STr^/ gpg^j^ g^j^ S'L2(Z)-invariant family, where M runs over 
Pil,V). 

• The characters Tr^f and the supercharacters STtm together span an 
5*1/2 (Zi)-invariant family, where M runs over V^) U P(cry, V). 

The 1-twisted modules are often referred to as 'Ramond twisted' modules, and av-twisted 
modules as 'Neveu-Schwartz twisted' modules. This picture apphes to the VOSA Vq associ- 
ated to a positive definite integral lattice Q. We consider it in detail in Section [121 

If V is purely even then Type II components of Zlmg{V) do not arise at all and Theorem 
11.3! implies that C{g, h; u) is spanned by ordinary trace functions. In [5j Dong and Zhao 
considered VOSAs with even elements of integer conformal weight and odd elements of half 
odd integer conformal weight. For them nonstandard supertrace functions did not arise, but 
this is because they allowed non Z/2Z-graded submodules. In contrast we work entirely in 
the category of vector superspaces, i.e., for us 'subspace' means 'Z/2Z-graded subspace'. 

Now we summarize the layout of the paper. In Section [2] we give basic definitions pertaining 
to VOSAs and their modules. In Section [3] we collect some modular forms identities. In 
Section m we define a certain space C{g^ h) of maps V — )■ 1101(7/) called conformal blocks, and 
we determine how the conformal blocks transform under 5/72 (Z). 

The C2-cofiniteness condition on V implies that for 5* G C{g, h) and fixed u & V, the function 
S{u, t) satisfies a Fuchsian differential equation. Moreover there is a Frobenius expansion of 
S in powers of q and log q whose coefficients are linear maps V ^ C We sketch the proofs 
in Section [5l referring to P| for details. 

In Section [6] we analyze the leading coefficients in the Frobenius expansion of a conformal 
block. These coefficients descend to linear maps ZhugiV) — )■ C. We establish that these maps 
are /i-supersymmetric functions on Zhug(K) (see Section [7] for the definition). In Sections [7] 
and [S] we construct a basis of /i-supersymmetric functions on Zh\ig{V) and extend each one 
to a supertrace function on V, arriving at the definition in equation (11. 4p above. 

We then prove that the Sm{u, t) lie in C{g, h). Finally in Section[9]we prove that the Sm{u, t) 
span C{g,h). The proof closely follows that in ^LA^. Theorem 11.3! is obtained by combining 
this result with the modular transformation property of C{g, h) proved in Section m 

In Section[TO]we consider the neutral free fermion VOSA V = F{(f) and we take G = {1, cxy}. 
We explicitly compute conformal blocks C{g, h; u) for u = |0) and u = (p the weight 1/2 vector. 
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In weight 1/2 the nonstandard supertrace function makes an appearance; the corresponding 
space of conformal blocks is one dimensional and is spanned by the Dedekind eta function 
r/(r). 

In Section [11] we study the charged free fermions VOSA V = F^^{ip,ip*) which is equipped 
with a Virasoro field L"'{z) depending on the real parameter a. We consider an infinite 
abelian group G = oi automorphisms of V . For each g,h G G we write down the 
supertrace of h over the unique irreducible (7-twisted positive energy l^-module, and we 
compute transformations of these functions under SL2{'L). For h of finite order C{g, h; |0)) 
makes sense and is spanned by this supertrace function. If a G Q then Theorem 11.31 may be 
applied and it agrees with the explicit modular transformations we derive. 

In Section [12] we consider the VOSA Vq associated to a positive definite integral (not neces- 
sarily even) lattice Q. As in the first example we let G = {1, uy}. We explicitly describe the 
spaces C{g, h; |0)). 

I would like to thank my Ph.D. advisor Victor Kac for many useful suggestions and discus- 
sions. 



2 Basic definitions 

We use the notation = {0, 1, 2, . . .}. All vector spaces and superspaces are over C. 

A vector superspace f/ is a vector space graded by Z/2Z = {0, 1}. We call [% and Uj the even 
and odd components of U respectively. A subspace of a vector superspace is always Z/2Z- 
graded. We use the following notations: p{u) = a for homogeneous u E Ua, <Ju{u) = (— 1)^*^"^ 
andp{u,v) = (-I)pWpM. 

An associative superalgebra is a Z/2Z-graded associative algebra. For example Endt/ is an 
associative superalgebra where (EndU)a = {X G EndU\XUi3 C Ua+p}- The commutator of 
operators X and y on a vector superspace is defined to be [X, Y] = XY — p{X, Y)YX. A 
module over an associative superalgebra A is a vector superspace M and a homomorphism 
A — )■ EndM. Two A-modules are equivalent if there is a Z/2Z-graded linear isomorphism 
between them intertwining with the action of A. We will assume such equivalences to be 
even unless otherwise stated. 

We write C'"''^ for the vector superspace with a basis consisting of m even vectors and k odd 
vectors. The supertrace of an operator X G End U is STr^/ X = Tr[/_X — Tr;7_X. In general 
STr[/[X,F] = 0. 

We write U[z] for the ring of polynomials in z with coefficients in U, U[[z]] for the ring of 
formal power series, and U{{z)) for the ring of Laurent series, i.e., expressions J2nei,^^^"^ 
which finitely many negative powers of z occur. The space of formal distributions f/[[2;^^]] 
is the set of expressions XlnGZ*^"^" with no restriction on the coefficients a„. Finally 
^{{^}} ~ ©reM-2'^f^[[-2^"'^]]- Extension to several variables is straightforward, but note that 
U{{zMw))^U{{wmz)). 
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We write dzf{z) for the 2;-derivative of f{z), also z^") for /n\, and [z^] : f{z) for the 
coefficient of 

A convenient index convention for formal distributions is f{z) = Ylnez f(n)Z~'^~'^- The formal 
residue operation 'ReSz{-)dz : U is defined by 'RQSzf{z)dz — [z~^] : f{z) — /(o). 

We have 

^'^z dzf{z)dz — and Res^ f{z)dzg{z)dz — — ReSz g{z)dzf{z)dz. 

Let f{z) e U{{z)) and g{w) e wC^ +w^C[[w]]. The substitution of 2; = g{w) into f{z) gives 
a well-defined element f{g{w)) e U{{w)), and we have the formal change of variable formula 

ReSx f{z)dz = ReSu, f{g{w))du,g{w)dw. 

The formal delta function S{z,w) e C[[2;^-^, w^^]] is defined by 

6{z,w) = 

The operators 

: U[z^\w^\ {z - w)^'] ^ U{{zmw)) 
and i^,z : U[z^\w^\{z - w)^^] ^ t/(H)((^)) 

denote expansion of an element as Laurent series in the domains \z\ > \w\ and \w\ > \z\, 
respectively. For example, 

iz,w{z — w)~^ — z~^~^w^ and iw,z{z — w)~^ — — z^w~-'~^. 

An End [/-valued formal distribution f{z) is called a quantum field if f{z)u e U{{z)) for each 
ueU. 

Definition 2.1. A vertex operator superalgebra (VOSA) is a quadruple (V, |0) ,00, Y) where 
\^ is a vector superspace, |0) and a; are even elements of V called the vacuum vector and the 
Virasoro vector respectively, and Y : V ^ {EndV)[[z^^]] is an injective linear map such that 
Y{u, z) is a quantum field for each u & V. The map Y is called the state- field correspondence, 
and is written 

Y{u,z) = J2uin)^"'~'- 
neZ 

The operators are called the Fourier modes of u, and the operation ■ (^^y : V <^ V ^ V is 
called the n*'* product. The following axioms are to be satisfied. 

. Y{\0),z)^lv. 

• For all u,v eV, n E 

= Y{u, z)Y{v, w)iz,w{z - wY - p{u, v)Y{v, w)Y{u, z)iyj,z{z - w^. 
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• If Y{uj,z) = L{z) = Yln^-^nZ " ^ theii the operators Ln satisfy the commutation 
relations of the Virasoro algebra: 

\T T \ — ( \T X - m 

where c G M is called the central charge of V . 

• Lq is diagonalizable on V with rational eigenvalues, and the eigenspaces are finite 
dimensional. The Lo-eigenvalue of an eigenvector u E V is called the conformal weight 
Au of u. Also A|o) = and = 2. 

• The eigenvalues of Lq on V are bounded below. 

• Y{L_iu, z) = dzY{u, z) for all u eV . 

Let Vfc = {u G l^|A„ = k}. A convenient indexing of the modes, called the conformal 
weight indexing, is defined by u„ = M(„+a„-i) (for u of homogeneous conformal weight, then 
extended to all m G linearly). Hence 



Y{u,z)= J2 ^' 

ne-[A 



Un.Z , 



where here and below [a] denotes the coset a + Z of a G M modulo Z. 

The second axiom of Definition 12.11 is called the Borcherds identity. Expressed in terms of 
modes it becomes 

E/m + A„ - 1\ 

^(-l)-'('^ j [Um+n-jVk+j-n - p{u,v){-lYVk-jUm+j\x 



(2.1) 



for all u,v,xEV,nEZ, mE — [A^], and k G — [A^,]. 
A useful special case of the Borcherds identity is the commutator formula 

sr^ f + Au — 1\ 

[Um,Vk\=^\ . Uu^j)V)m+k, (2.2) 

JGZ+ \ 3 / 

obtained by setting n = in fl2.ll) . The commutator formula together with the final VOSA 
axiom implies that [LQ,Uk] = —kuk for all u eV. 

A homomorphism : 14 — )■ V2 of VOSAs is an even linear map such that </'(|0)^) = [0)2, 
0(a;i) = U2, and (piu^n)^) = 4>{u)(^n)(p{v) for all u, f G Vi. Homomorphisms preserve conformal 
weight. Isomorphism and automorphism are defined in the obvious way. 

Definition 2.2. Let be a VOSA and g an automorphism of V. Let n[u) denote the 
(/-eigenvalue of an eigenvector u & V. Pull fi{u) back to a coset [e^] in M modulo Z via 
the map e^'^*'^ : M — )■ S*^ (also define e^l to be the largest non positive element of [eu])- 
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A g-twisted V -module is a vector superspace M together with a state-field correspondence 
Y^' -V ^ (EndM){{2}}, 

satisfying the quantum field property. The following axioms are to be satisfied. 
. Y'''{\0),z) = Im. 

• For all u,v E V, X E M, n E Z, m E [e^], and k E [e^], 

+ A,, - r 
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A positive energy g-twisted V -module is a (^-twisted ^-module M such that 

• M = ©jgK^Mj is R-(.-graded with Mq 7^ 0, and each graded piece is finite dimensional. 

• u^^Mj C Mj_„ for sX\uEV,nE [e„], j G M+. 

There is a 'dangerous bend' in this definition. If m G has conformal weight ^ Z then the 
modes Un acting on V are indexed by n G — [A„], so V with its adjoint action is an e"^'^*-^"- 
twisted l^-module, not a 1-twisted \^-module as one might expect. In a sense this issue is 
purely notational, and we could change notation so as to have \^ be a 1-twisted \^-module. 
We use Definition 12.21 because it is most natural in relation to the modular transformations 
of conformal blocks, equation (11.51) . Our definition coincides with the usual one when all 
conformal weights of V are integers. 

Definition 2.3. The Zhu VOSA structure is (V, |0) ,uj,Y[u, z\) where 

(:; = (2vrz)2(a;-^|0)) 

and 

Y[u,z\ =e'"'^""F(M,e'"'"-l). 
If we write L[z\ = Y[oj,z] = Xlnez -^["F"""^ then 

L[_2] = {2m)\L_2 - c/24), = 27rz(L_i + Lq), and Lp] = Lq - ^ r^^D ^r 

The eigenvalue V„ of an eigenvector u with respect to L[o] is called the Zhu weight of u. We 
write V\k] = {u E V\Vu = k} and 

neZ nG-[V„] 
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Explicitly we have 

= Res^ z"e2"*^"^r (m, e^'^'" - l)vdz 

= (27ri)-"-^ Res^[ln(l + + w)'^--^Y{u, w)vdw, 

where w — e^'^^^ — 1. An automorphism of the new VOSA structure is the same as an 
automorphism of the old one. Vectors of homogeneous conformal weight are not generally of 
homogeneous Zhu weight and vice versa. 

We use the following notation below: K is a VOSA, G a finite group of automorphisms of V, 
and g,h E G two commuting automorphisms. Unless otherwise stated an element of V is a 
simultaneous eigenvector of g and h. For such an eigenvector u we write ii{u) and X{u) for 
its g- and /i-eigenvalues respectively. 

We define a right action of SL2{Z) on G x G hy {g,h) ■ A ^ {g^h^, g'°h'^) where A= ( ^ ^ ). 
Similarly (/x, X) ■ A — (//^A"^, /jL^X'^). We use the standard notation Ar for 2i±^. 



3 Modular Forms 

In this section we recall some functions that appear in connection with modular forms and 
elliptic curves. Consider the ill-defined expression 



1 - Ag" 



nek 



where A is a root of unity and [e] is a coset of Q modulo Z (also fix e G [e] such that 
— 1 < e < 0, and let ji — e^'"'^). By we mean the summation over all nonsingular terms, 
i.e., if [e] = Z and A = 1 then n = is to be excluded from the sum. 

To make sense of the sum we first rewrite it as 



- + 2m > ^ 27rz > — 

1 - A ^ 1 - Aa" ^ 1 - A-i 

where 



ne[eJ>o ne[eJ<o 



5 = 

Then we expand in non-negative powers of q to get 



1 if [e] = Z and A 1, 
otherwise. 



n6[e]>o ineI'>o 



J2 e2'^^"^(Ag")"' - J2 e2^^"^(A-^g-")' 

ne[e]>o ne[e]<o 



This is still not well-defined, because of the second term. Let us re-sum the second term 
using the geometric series formula. We arrive at the following formula, which we regard as a 
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definition. 



2TriS 
1- A 



27Ti- 



,1-Kiz 



+ 2m ^ 



»ie[e]>o ne[e]<o 



(3.1) 



Let us write 

oo 

The Bernoulli polynomials Bni^) are defined by 

1 n! 

n=0 

For example -80(7) = -81(7) =7 — 1/2, -82(7) =7^ — 7 + 1/6, etc. The Bernoulli numbers 
are i?„ = -Bn(l)- Using the definition of the Bernoulli polynomials and the series expansion 
of e^'^*"^ we directly obtain the following. 

Lemma 3.1. For k G Z+ we have 



+ 



A (A; + l)! 

i2m)^ 
] 

meZ>o nG[€j>o 



J2 n^iMT- n^X-'q^y 



fie[e]<o 



We now record the modular transformation properties of the functions -P^'"**. For (/x, A) 7^ 
(1,1), our functions are essentially the same as the Q-f unctions of [3]. Indeed for all A; G Z+, 

Pi:'\q) = {2m)'^'Q,^,{f,, A, q) when (/x. A) ^ (1, 1). 

Section 4 of [3], in particular Theorem 4.6, tells us that -P^''*', when summed in order of 
increasing powers of q, converges to a holomorphic function of r G "H. Furthermore 

Pr'(^r) = (cr + d)^+ip^^)-^(r). (3.2) 

Since /i and A are roots of unity, there exists N G such that fi^ = A^ = 1. Therefore 
Pj^'^iAr) = (cr + d)^+^P^^'^(r) whenever A = (l^) satisfies a = d = 1 (mod iV) and 
b = c = (mod A^), i.e., if A G ro(A^). Hence Pr{r) is a holomorphic modular form on 
ro(A^) of weight k + 1. 
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Now we consider the case (/x, A) = (1,1). Comparing the formula of Lemma l3.ll with the 
Eisenstein series 

G,(r) = 2C(fc) + ^^f;a,_iHg'^ (for A: > 2) 

^ n=l 

shows that Pl'^{q) = Gk+i{r) for k > 1. We also have P^'^{q) = —Tci. Therefore equation 
(13. 2p holds when (/i, A) = (1,1) and k > 2. It is well-known that G2{q) is not a modular 
form, but instead satisfies 

G2{At) = (cr + d)2G2(r) - 27rzc(cr + d). 

The function P^'^(2;, q) (which we abbreviate to P{z, q) below) is closely related to the classical 
Weierstrass zeta function 



(m,n)^(0,0) 
fc=4 



1 1 



z — rriT — n mr + n {mr + n)^ 



(the latter is the Laurent expansion about z = 0). We have 

C(^, r) = -P{z, q) + zG2{q) - iri. 
The Weierstrass elliptic function is p{z,t) = —^((z,t), so we have 

^P{z,q) = p{z,q) + G2iq). (3.3) 
The Dedekind eta function is defined, for t ETi, to be 

oo 

V{r) = q'/''l[{l-qn- (3.4) 

n=l 

From [11] p. 253 we have the following. 
Proposition 3.2. 

ry(r + 1) = e"'/^'r/(r) and r]{^) = (-zr)i/2^(r). 

The Jacobi theta function is defined, for r G "H and 2; G C, to be 

^(^;r) = ^e™'"+2™^ (3.5) 



From [13], p. 475 we have the following. 
Proposition 3.3. 

e{^;^) = {-irY/^e'''''/^e{z;r) and e{z;r + 1) = 9{z + 1;t). 
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4 Conformal Blocks 



Let A^Tv be the vector space of holomorphic modular forms on ro(A^), i.e., the vector space 
of holomorphic functions C such that 

. fiAr) = fir) for all A e To{N). 

• JXAt) is meromorphic at r = ioo for all A G SL2{'L). 

Definition 4.1. Let V = M\g\ ®c V- Define 0{g,h) to be the A1|G|-submodule of V 
generated by 

Xi{u, v) = Resz Y[u, z]vdz = U(^[o])V for {fi{u), A(-u)) = (1, 1), 

X2{u, v) = ReSz p{z, q)Y[u, z]vdz for {fi{u), \{u)) = (1, 1), 

u for (/i(M),A(M)) 7^ (1,1), 

Xl'''{u,v) = Res,P'^(")'^(")(2,g)r[M,z]t;rf2 for {fi{u),X{u)) ^ (1,1). 

Definition 4.2. The space C{g, h) of conformal blocks is the space of functions 5 : VxH — t- C 
satisfying 

CBl S{x + y,T) = S{x,t) + S{y,T) for all x,y gV, and S'(/(r)'u,r) = f{r)S{u,T) for all 
/(r) G MiG\, uEV. 

CB2 S{u, t) is holomorphic in r for each u E V. 

CBS S{x, r) = for all x G C(^, h). 

CB4 For all M G F such that (/i(u), A(m)) = (1, 1), 



(2vrz)2gA + v„G2(g) 



^(u, r) = ^(Res^ ({z, q)L[z]udz, r). (4.1) 



An equivalent form of (14.11) is 



{2nifq-^S{u, r) = -SiRes^ P(z, q)L\z]udz, r). (4.2) 
dq 

4.1 Modular transformations of conformal blocks 

Let i^' be a positive integer such that 1/K divides the conformal weight of each vector in V 
(the C2-cofiniteness condition implies that K exists, see the first paragraph in the proof of 
Lemma l^TTl below). Let ^/i denote the principal K^^ root of z i.e., —n/K < arg( ^) < tc/K. 
In the following theorem (cr + d)"*^ is defined as the appropriate integer power of \/cr + d. 

Theorem 4.1. Let S G C{g, h) and A G 5L2(Z). Define S ■ A : V x Ti ^ C by 

[S ■ A]{u, r) = (cr + d^Sia, Ar) for n G V[fc], 
and [S-A]{f{T)u,T)=f{T)[S-A]{u,T) for u e V , f{r) e Mig\. 

Then S ■ AeC{{g,h) ■ A). 
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Proof. Fix g,h & G, A ^ S'L2(Z), and let S G C{g, h). It is obvious that S ■ A satisfies CBl. 
Because S{u, r) is holomorphic in r, S{u, At) is too. Because cH + d is disjoint from tlie 
brancli cut, (cr + d)~'^ is holomorpliic in r. Tlierefore S ■ A satisfies CB2. 

Clearly {ij,{u), X{u)) = (1, 1) if and only if (/^(m), A(m)) ■ A = (1, 1). 

Suppose (/!(«), A (m)) = (1,1). We have S{Xi{u,v),t) = 0, hence 

[S ■ A]{Xi{u,v),t) = {CT + d)-^--^^^^ S{Xi{u,v), At) = 0. 

Next we have 

oo 

[S ■ A]{X2{u, v),t) = [S- A]{u^[.2])V, t) + J](2A; - l)G2k{T)[S ■ A]{u^[2k-2])V, r) 

k=2 

= {cT + d)~^-~^^-'SiU(^[^2])V,AT) 
oo 

+ J](2A; - l)G2k{r){cT + 6)~^--^^+^''-'S{u(^i2k~2])V, At) 

k=2 

oo 

= (cr + d)-^--^''-^ S{u(^i^2])V, At) + J](2fc - l)G2k{AT)S{u^[2k^2])V, At) 

k=2 

= (cr + d)-^--^^-^S{X2{u, v), At) = 0. 
Now suppose (/i. A) = (/i(u), X{u))(g^h) (1> 1) (so (/i(u), \{u))^g^hyA (1, 1) too). We have 

oo 

[S ■ A]{xi'''>\u,v),T) = [S ■ A](n([_i])t;,r) + Pi^'')-^(r)[5 ■ A] («([,,).;, r) 

k=0 

= (cr + d)-^"-^"^(M([_i])t;,Ar) 

oo 

- (cr + d)-^"-^" Pt'^'^ir){cT + d)'+'Siu^^,])V, At) 



k=0 



= (cr + d)-^"-^^ 5(«([_i])t;, At) - J2 P1:'\At)S{u^[,]^v, At) 

k=0 

= (cr + d)-^--^^S{Xl'\u, v), At) = 

(having used the transformation property (13. 2p of -P^'^^). Finally note that [S ■ A]{u,t) = 
whenever (//(«), A(-u)) 7^ (1, 1) because the same is true for S. Thus 5" • A satisfies CBS. 

Let {fi{u), X{u)) = (1,1) again. By a calculation similar to the one above, we have 
[S ■ A](Res, C{z, T)L[z\udz, r) = (cr + d)"^"-^5(Res, C{z, AT)L[z]udz, At). 
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On the other hand 



27ri— + V„G2(r) 
or 

2TTi-^ + V„G2(r) 



(cr + d)-^"S(M,Ar) 



-27r^cV„(cr + d)-^-^ + (cr + d)-^"^^-^ + V.G2(r)(cr + d)-^" 

ar a[AT) 



S{u,At) 



(cr + d)-^"-2 
(cr + d)-^""2 



-27rzcV„(cr + d) + 



d 



d{AT) 



+ V„G2(r)(cr + d)^ 



5(u,v4r) 



d 



_d{AT) 

So S-A satisfies CB4. 



+ V„G2(Ar) 



S{u,At). 



□ 



5 Differential equations satisfied by conformal blocks 

We recall the crucial C2-cofiniteness condition introduced in [14]. This condition, together 
with the conformal block axioms, implies the existence of an ordinary differential equation 
(ODE) satisfied by the conformal blocks. 

Definition 5.1. The vertex operator algebra V is said to be C2-cofinite if the subspace 

C2{V) = Span{u(^.2)v\u,v e V} CV 
has finite codimension in V. 

Lemma 5.1. If V is C2-cofinite then the J^\G\-module V/0{g,h) is finitely generated, for 
each g,h & G. 

Proof. Since C2(y) is a graded subspace of V (under the A-grading) there exists no G 
such that Vn C C2(y) for all n > uq. Let W = (Bk<noVk ^ V. Since Auf^_^^v = + A„ + 1, 
every vector in V with conformal weight greater than uq can be expressed in terms of n^^ 
products of vectors in W. Therefore all conformal weights in V are integer multiples of 1/K 
for some positive integer K. 

Let W = MiG\W CV. Recall that 

L[o] = Lq + ^ aoiLi and Lq = Lpj + ^ /3oi-^[j]5 



i>l 



i>l 



for certain aoi,/3oj ^ C. Suppose u G Vn, i.e., Lqu = nu. Then LpjM = nu modulo terms 
with strictly lower A. Similarly if f G V\n] then Lqv = nv modulo terms with strictly lower 
V. Thus ©fc<nVfc = ®k<nV[k\ for any n G Q. 
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We will prove by induction on conformal weight (which is possible since conformal weights 
are multiples oi 1/K and are bounded below) that V[„] C W + 0{g, h) for all n. According 
to the last paragraph this holds for n < no already. 

Let n > uq, and let x G V[„]. Since V = W + C2(y) we may write x as w & W plus a sum of 
vectors of the form 

i>-2 

where we assume u, v are homogeneous in the V-grading. It is clear that we can choose all 
the pairs of vectors u, v so that + V^, + 1 < n. Therefore all the terms in the j-summation 
have V < n, hence they lie in W + 0{g, h) by the inductive assumption. It suffices to show 
that U([-^2])V e W + 0{g, h). 

If (/i(M),A(M)) = (1,1) then 

oo 

X2(u, v) = U(i^2])V + ^(2/i; - l)G2k{T)u(i2k~2])V e 0{g, h). 

k=2 

The terms in the summation have V < n, hence they lie in W + 0{g, h) by the inductive 
assumption. Therefore M([_2])f does too. 

If (/i(M),A(u)) ^ (1,1) then 

oo 

X,{u,v) = -n([_i])t; + 5^Pr^")'"(")(g)«([.])t; G 0{g,h). 
Substituting L[^i]U in place of u shows that 

oo 

n[-2])V - Yl kPt^'^'^''\q)ui^ik-n)V e 0{g, h) 

k=0 

too. As before, M([-2])^^ G W + 0{g, h). □ 

Remark 5.2. Inspection of the proof of Lemma [5.11 reveals that the C2-cofiniteness condi- 
tion can be weakened to the following: VjC'^^'^^ is finite dimensional where C'^^'^^ is defined 
to be the span of the vectors 

M(_2)f for (/i(-u), A('u)) = (1,1), and for {fi{u),\{u)) ^ (1,1). 

The following lemma is stated in [3]. 

Lemma 5.3. For any integer N >1, Aij^f is a Noetherian ring. 

Lemma 5.4. Let V he C2-cofinite, let u & V , and let S G C{g, h). There exists m G 2+ and 
ro(r), . . . rm-i{r) G Ai\G\ such that 

m—l 

5(Lf!2]«, ^) + E r^{T)S{^_,^u, r) = 0. (5.1) 

i=0 
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Proof. Let C V/0{g,h) be the A^|G|-submodule generated over Ai\G\ by the images 

of u, L[^2]U, ■ ■ ■ Because V /0{g, h) is a finitely generated A1|G|-niodule and M.\g\ is a 

Noetherian ring, V /0{g, h) is a Noetherian id-module: meaning that the ascending chain 
loiu) C J]^(m) C . . . stabilizes. For some m G Z+ we have Im{u) = Im-i{u), which implies 



m— 1 



Lll,]U + J2r^{r)Ll2]^eO{g,h) 



i=0 

for some ri(r) G Ai\G\- Equation (15.11) follows from this formula and CBS. □ 

The axiom CB4 states an equality between S{L[^2]U,t) and {q-^)S{u,T) modulo 'terms of 
lower order', i.e., terms of the form S{v, r) with V^, < V^. We use this to convert (15. ip into 
an ODE satisfied by S{u, r). More precisely we have 

Theorem 5.5. Let q = g-*^/'*^', and let S G C{g, h). For each u , S{u, r) satisfies an ODE 
of the form 

J m— 1 , m— 1 oo J 

{q-rS{u, r) + ^ g^mq^ySiu, r) + Y,Y. hAm^ySix,,, r) = 0, 

^ i=0 ^ j=0 fc=0 ^ 

where the Xjk G V are of strictly lower conformal weight than u and the functions gi{q) 
and hjk{q) are polynomials in elements of Ai^G\ o.^'^d derivatives of G2 with respect to q. In 
particular these functions are all regular at q = 0, and so the ODE has a regular singular 
point there. 

We write q here instead of q because the elements of J^\g\ can be expressed as series in 
integer powers of q, rather than q. For the proof of Theorem 15.51 see Section 6 of p]. 

For u^^^ G of minimal conformal weight the ODE satisfied by S{u^^\t) is homogeneous 
because there are no nonzero vectors with strictly lower conformal weight. The theory of 
Frobenius-Fuchs tells us that S{u^^\t) may be expressed in a certain form (15.21) below. For 
arbitrary u & V the same conclusion cannot be drawn directly because of the presence of the 
inhomogeneous term. However an induction on Vu shows that S{u, r) does take the form 
(15. 2p for all u & V. The form in question is 



Siu,T) = ^{\og qySi{u,T), 

i=0 
Ki) 

where ^^(m, r) = ^ r), (5.2) 

00 

where Sij{u,T) = ^ C^j- „(u)g"/l^l. 



n=0 



where Aj^j — Xij^ ^ j^Z for 1 < ji 7^ j2 < b{i). We call (15. 2 p the Frobenius expansion of 
S{u,t). 
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A priori the parameters p, b{i), and Ajj- in the Frobenius expansion of S{u,t) depend on u. 
However if {m^*^} is a basis of W then the conformal blocks S{u^'^\ r) obviously span C{g, h). 
This implies that C{g, h) is finite dimensional, and that the Frobenius expansion of S{u, r) 
may be written with fixed p, 6(2), Ajj^ independent of u. 

6 Coefficients of Frobenius expansions 

In this section we study the coefficients Cpj^ : 1/ — )■ C from (15. 2p . First we recall the 
definition of the (7-twisted Zhu algebra TAmgiV). 

Definition 6.1. For u,v G V, n E Z let 

uo^v = Res^„ + w)vdw 

= l-Ki Res, e2"'(i+^-)^(e2"'" - z\vdz. 

Let C be the span of all elements of the form 

u for ii{u) ^ 1 

uo^v for yu(u) = ) = 1 and n < —2, 
uo^v for yu(u) = 7^ 1 and n < —1, 

and + Lo)u for /i(-u) = 1. 

The g-twisted Zhu algebra is TAmgiV) = V/Jg as a vector superspace, with the product 
induced by o_i. 

We denote the projection of m G to Zhug(V) as [u] or simply -u. The following two theorems 
are proved in [2j; note that M([o])'W in our notation is {2TTi)''^[u,v]ri=i in theirs. 

Theorem 6.1. 

• The product o_i is well-defined on Zhup(l^) and makes it into an associative superal- 
gebra with unit [|0)]. We denote the product by *. 

• The O*'* Zhu product -([q])- is well-defined on Zhug(V) and we have 

u * V — p{u,v)v * u = 2niu([o])V for all u,v E ZhUgiV). (6.1) 

• [uj] is central in Zhuc,(\^). 
Theorem 6.2. 

• There is a restriction functor Q from the category of positive energy g-twisted V -modules 
to the category of ZhugiV) -modules. It sends M to Mq with the action [u] * x = Uq^x 
for u E V and x E Mq. 

• There is an induction functor L going in the other direction, and we have Q{L{N)) = N 
for any Zlmg{V) -module N. 
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Q and L are inverse bijections between the sets of irreducible modules in each category. 



The automorphism h of V descends to an automorphism of Zhug(V), which we also denote 
h. 

Proposition 6.3. Let S G C{g,h) with Frobenius expansion ( 15. i^) . Fix j G {1,2, .. .b{p)}, 
and let f = Cpj^. We have 

• f{u) = for all u G JgiV), so f descends to a map f : ZhUgiV) — )■ C. 

• fiu *v) = 5\(u)\iv),iPiu, v)\{uy^f{v * u) for all u,v e Zhug(V) . 

Proof. By definition S{-,t) annihilates 0{g,h). Therefore / annihilates the q'^ coefficient of 
any element of 0{g, h). li u &V with ii{u) ^ 1 then u G 0{g, h), so f{u) = 0. If fi{u) = 1 
then 27r2(L_i + Lq)u = '^([o])^ G 0{g, h) is annihilated by /. Now 

[g°] : Xi{u,v) = Xi{u,v) = U(^[o])V, 

: X2{u, v) = Res, : dzP{z, q) - G2{q)) Y[u, z]vdz 



Res, 



2nid, 



2C(2) 



Y[u, z]vdz 



^2niz 



= -(27ri) Res, ^^^^.^ _ ^y Y[u, z]vdz - 2C(2)u([o])t; 

= -2mu o_2 V - 2C(2)u([o])f , 
and : X^iu, v) = Res, : p^(«)'^(«)(2, g)) Y[u, z]vdz 



Res, 



2ni6 



2m- 



-,2ni{l+eu)z 



,2TTiz 



Y[u, z]vdz 



2m5 



-M([o])t; - u o_i V. 



1 - \{u) 

Hence / annihilates Jg, and descends to a function on Zhug(V^). 

Now for the second part. Let niu) = ii{y) = 1. If \{u)\{v) ^ 1 then m * t>, t> * m and ^([o])'^ 
all lie in Oi^g, h) and so are annihilated by /. If X{u) = X{v) = 1 then / annihilates M([o])'f^; 
hence f{u * v) = p{u,v)f{y * u). If \{u)\{v) = 1 with \{u) ^ 1, then / annihilates 

Combining this with (16. ip shows that 

f{u * t>) = p{u, v)X{u)~^ f{v * u), 
so we are done. □ 



7 /i-supersymmetric functions 

Let h be an automorphism of an associative superalgebra A, and let A(a) denote the h- 
eigenvalue of an eigenvector a & A. In Section [6] we were led to consider functions f : A = 
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Zhug^V) — )■ C satisfying 



/(a *b) = 6x(a)xib),iP{a, b)X{a) ^f{h * a) 



(7.1) 



for all a, 6 G v4. We refer to such functions as h-supersymmetric functions on A, and we 
denote the space of all such functions J^h{A). We write J^{A) for J^i{A) and call these 
supersymmetric functions. 

Let A be semisimple now, and let A = ©jg/Aj be its decomposition into simple components. 
The automorphism h permutes the Ai. The following fact is proved in Lemma 10.7 of [3J (for 
algebras, but the proof carries over to the present case with trivial modification). 

Lemma 7.1. J^h{A) = (Bi(zjJ-'h{Ai) where the direct sum is over the subset J G I of h- 
invariant simple components. 

For the rest of this section let A be a simple superalgebra. The Wedderburn theorem for 
superalgebras [S] is as follows. 

Theorem 7.2. A finite dimensional simple associative superalgebra over C is isomorphic to 
one of the following superalgebras. 

• End(C™l'^), where m + k > 1. 

• Ao[C,]/{^'^ = 1), where Aq = End(C") for some n > 1, and ^ is an odd indeterminate. 

We refer to these as Type I and Type 1 1 superalgebras, respectively. Supersymmetric functions 
on a simple superalgebra are characterized as follows [S]. 

Lemma 7.3. Let A be a simple superalgebra, and let N be its unique up to isomorphism 
irreducible module. If A is of Type I then J^{A) is spanned by the function a )■ STrAra. If A 
is of Type II then J^{A) is spanned by the function a H- Tr7v(aO- 

Now we describe /i-supersymmetric functions on A by reducing to the case of supersymmetric 
functions. We deal with the Type I and Type 1 1 cases separately. 

Lemma 7.4. If A is of Type I then J^h{A) is spanned by the map a i— t- STrjv(a7) where 7 G A 
has the property h{a) = '~f~^a'j. 

Proof. Since is the unique irreducible A-module, the action (a, x) ax of A on N is 
equivalent to the action (a, x) h> h{a)x. Hence there exists j : N ^ N such that h{a) = 
'y~^a'~f for all a G A, x G A^. Since h is even by definition, we may take 7 even too. Now 
the set of endomorphisms of is just A itself, so j E Aq (this is essentially the proof of the 
Skolem-Noether theorem). Since hlj) = = 7 we have A(7) = 1. 

Let / G J^h{A). If we put /(a) = fia^y^^) then we have 



f(ab) = f{ab-f ) = A(a) Sx{a)m,Ma,b) f{b-f a) 



= X{ay 6x(a)xib),iP{a,b)f{b-f' 077" ) 
= 6x(a)x(b),iPia,b)f{ba-f-^) 
= Sx(a)Mb),iPia,b)J{ba). 



(7.2) 
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In particular / is supersymmetric, and therefore is a multiple of STrjv(a). Now, STrjv(a) = 
unless A(a) = 1 for otherwise a maps one 7-eigenspace in to another. Thus STr^v satisfies 
(O- The claim follows. □ 

The Type II case is a little more complicated because A = End(A^) is no longer true (in other 
words the Skolem-Noether theorem is not true for Type 1 1 superalgebras). Let A = Aq[C,]/{^^ = 
1) be of Type II. We have h{^Y = h{^^) = h{l) = 1, and h{a)h{^) = h{a^) = h{^a) = h{C)h{a) 
for all a e A. Hence h{^) = 

Lemma 7.5. Let A = Ao[$^]/ (^"^ = 1) be o/Type II. Then J-'h{A) is spanned by 

a h-^ TrAr(a^7o) if h{^) = ^, 
or STrAr(aaAr7o) if h{^) = 

where 70 G Aq is chosen to satisfy h{a) = %^a'jQ for a E Aq. 

Proof. For the case of h(^) = ^, note that 'Jq'^^'Jo = ^ = h(0^ so h(a) = 79'"'^ 070 for all a E A. 
The proof of Lemma [73] shows that /(a) = /(a7o) where / is supersymmetric. The result 
now follows from Lemma 17.31 

Now consider the case h{^) = This time 7(^-^070 = aA{h{a)). So let /(a) = f{a'jQ^) and 
repeat calculation ( 17. 2p to obtain 

7(a6) = 5A(a)AW,ip(a,6)(-l)P('^)7(M, 

Let a,b E Aq, we have 

7(^a) = -5A(a),-l7«) 

and 

J{ab) = 6x(a)x{b),ifiba). 

So /(^a) = and a h-> /(a7g"^) is a symmetric function on Aq. Hence / is a scalar multiple 
of Tr7Vo(a7o) = | STrAr(a7oO-Ar). □ 



In summary we have (where 7 and 70 are as in Lemmas 17.41 and 17.51) 



A 


A is of Type 1 


h{a) = 7 ^07 


J-^(A)=CSTr^(-7) 


B 


A is of Type II and h(^) = ^ 


Ha) = (7o0-'«(7o0 


J-,(A) = CT¥^(-7oO 


C 


A is of Type II and h(^) = 


h{a) = (7oO-Af)^^ct(7ocr7v) 


J'hiA) = CSTrAf(-7o(T7v) 



In case B (resp. C) let 7 = 70.^ (resp. 7 = •JqO'n)- Then we may write h{a) = 7 ^07 in all 
cases. Note that 7 is odd in case B. 



8 Supertrace Functions 

Recall that we assume Zh.Ug{V) to be semisimple (and finite dimensional, which follows from 
C2-cofiniteness) . Let A C Zh.Ug{V) be a /t-invariant simple component, and N its irreducible 
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module. Let M = L{N). The isomorphism j : N N intertwines the two equivalent actions 
of Zhug(\^) on iV,i.e., the usual one {u,x) h-). ux, and {u,x) i— )• h{u)x. By Theorem 16.21 lifts 
to a grade-preserving isomorphism M ^ M which we also call 7, such that 

7-^«f 7 = (8.1) 
for all M G l^, n G [e„] (below we drop the M superscripts). 

Definition 8.1. The supertrace function associated to M is 

STrjv/ Mo7Q''^°~'^^^'' in cases A and C, 
TrM uo'yq^^'^/'^^ in case B, 



Sm{u,t) 



where cases A, B and C refer to the table of Section [7] and 7 is as defined immediately below 
that table. 

Theorem 8.1. Fix g,h E G. The supertrace function Sm, associated to M = L{N) for some 
h-invariant irreducible ZhugiV) -module N, lies in C{g,h). Furthermore the Sm are linearly 
independent. 

Linear independence of the Sm follows from linear independence of the /i-supersymmetric 
functions constructed in Section[71 We prove that Sm G C{g, h) via the technical Propositions 
EHO below. 

For the rest of this section we fix M = L{N) G Ph{g,V). We use the following notation 
below. For an endomorphism a of a graded piece M^. of M, 



TmAoi) 



STrjvf^(Q;7) in cases A and C, 
IimX^^i) ill case B. 



If a : M — )■ M is a grade-preserving linear map then we define Tm{o!) = ^j.TM^{a\Mr)- 

In Propositions l8.2l and l8.3l we show that Tm annihilates vectors u E V such that {n{u), X{u)) 7^ 
(1, 1), and U(^[o])V for (/i(u), A(m)) = (1, 1). In Proposition 18.51 we show that 

-TMiaoboq'^') if (/x(m), A(m)) = (1, 1), 



otherwise. 



In Proposition 18.61 we use this identity to show that Tm annihilates the remaining elements 
of 0{g, h). All of these facts hold for Sm immediately, so CBS is verified. In Proposition 18.71 
we use the identity above to show that Sm satisfies CB4, this is the single place at which 
the extra factor of is important. CB2 is automatic. 

To verify CBl, we must show that the power series Sm converges to a holomorphic function 
in |g| < 1. In the presence of the C2-cofiniteness condition, this actually follows from the 
other axioms. We may repeat the calculations of Section [5] to show that the power series Sm 
formally satisfies a Fuchsian ODE, it then follows from general theory that Sm converges to 
a solution to this ODE. 

Since u E V is /;,- invariant, 7 commutes with Lq and q^°. Since u is in the center of Zh.ng{V) 
and is irreducible, Lq acts on as a scalar h{N) G C. Recall that [LQ,Uk] = —kuk- It 
follows that Lq acts on M^. as the scalar h{N) + r, and that uq commutes with Lq and q^°. 
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Proposition 8.2. // X{u)) ^ (1, 1), then TmXuq) = 0. 

Proof. The operators u„ are defined for n G e„ + Z, so if fi{u) ^ 1 then uq = and Tm^{uo) = 
0. 

Let X E M have 7-eigenvalue a. If A(n) 7^ 1 then 

7~^(Mo7a;) = h{u)ox = Xuqx = Xa~^{uo'yx). 

Thus uo7 permutes 7-eigenspaces leaving none of them fixed. Hence the (super)trace of mo7 
is zero. □ 

Proposition 8.3. // fi{u) = 1 then 

TMr{u(^[o])v)o = [1 - \{u)]{2niy'^TMrUoVo- 

Proof. Assume fi{v) = 1 and X{v) = X{u)~^, for otherwise both sides of the equation vanish 
and the result is trivially true. 

The commutator formula fl2.2D with m = k = is 



[Uo, Vol = 

J 



^ j(M(j)t^)o = (Res^(l + w)^" ^Y{u,w)vdw)o. 



Using the substitution w = e — 1 gives 



(u([o])t;)o = {Res,Y[u,z]vdz)o = {Res,e'^^'^-'Y{u,e'^^'' - l)vdz)^ 
= {2Triy^ (Res^(l + w)vdw)^ 



In cases A and C 7 is even and we have 



= STrAf,, uqVoJ - p{u, v)X{u) STtm vq^uq 
= [1 - X{u)] STrM, Mo^^o7- 



In case B 7 is odd and we have 



= TiMr U0V0I - TrM, uo'jvo 
= [1 - A(t;)"^] TrM, mo^^o7- 



Proposition 8.4. If fi{v) = fi{u) ^ and n G [e„]>o, then 
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□ 



Proof. Consider the (super)trace on the space Mj. © M,.+„ and note that, in this direct sum, 
Un annihilates Mr and V-n annihilates Mr+n- In cases A and C we have 

= p{u, V) STiMreMr+n V-nlUn 

= p{u, v)X{u)~'^ STrM,eM,+„ v^^Unl 

= p{u, v)X{u)~'^ STrM,+„ V^riUnl- 



In case B we have 



T^Mr UnV-nl = TrM,eM,+„ UnV-nl 
= ^Mr®Mr+„ V-nlUn 
= X{u)~^ TrMr(BMr+„ V-nUnl 
= A(w)~^ TrM,+„ V^riUnl- 

In the case v) = 1 the result holds. If = —1 then UnV^n is even, both sides vanish 

and the result holds. □ 



No further calculations require resolution into the cases A, B and C. 
Proposition 8.5. 



rM((Res, pM«),A(«) q-^Y[u, z]vdz)oq''°) 



-TMiuoVoq'^'^) if ii^iu), X{u)) = (1, 1), 
otherwise. 

(8.2) 



Proof. Let e = e„, /i = fi{u) and A = X{u). Assume that fi{v) = ji^^ and X(v) = X^^, for 
otherwise both sides of the claimed equality vanish automatically. Assume without loss of 
generality that LqImo = 0. 

For any r > 0, the coefficient of 

TM(Res^ P^^^iz, q)Y[u, z]vdz)oq^° 

is X — Y + Z, where 

27ri5 ^ / \ 

^ = Y3^rM,(ti([o])'yjo, 

g27rj(l+e)z 

Y = 27rirM,(Res^ -^——jYlu, z]vdz)o, 
and Z = 27ri J] A"^ J] Tm..^ (Res, e^^^Fl^, ;2]wd;2)o 

m€Z>o ne[e]>o 

-27ri J] A-"^ 5^ TM.+_(Res,e^--y[«,;.]t;dz)o 

m6Z>o n6[e]<o 

(the sum defining Z is finite since terms with \mn\ > r contribute nothing). 



(8.3) 



24 



Using the change of variable w = e^'^''^ — 1 and the commutator formula, we have 
for any n G [e^]. Now let n G [eu]>o. Proposition 18.41 implies that 

from which it follows that 

If n G [e„]<o then —n G [et,]>o, and so 



»ngZ>o m€Z>o 

= -TMrUnV-n- 

Combining fl8.5p and fl8.6p yields 

Z= Y A™ TMr-^AUr.V^n]- ^ E ^*W.K, 

mgZ>o nG[e]>o mGZ>o n.e[e]<o 

= Y, TM^UnV-n + P{U,V) ^ Tm^ 
nG[e]<o ne[e]>o 



Next we have 



g27ri(l+e)z g27ri(l+e)2 



(Res, -^——^Y[u, z]vdz)o = (Res, -5— -^e2-^^"^F(n, e^-^ - l)t;rf^)o 

= (27ri)~^(Res^ w'^l + w)^"+'Y{u, w)vdw)o 



{2m)-' Y ( 



J 



Plugging this into the Borcherds identity with n = —1 and m = 1 + eu = —k yields 

^ = Y '^^^ {U-j+eVj-^ + p(m, f )f • 

Now we see that 

-TM^aobo if /i = 1, 



otherwise. 
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If /i 7^ 1 then X = S = and we are done, similarly if /i = A = 1. Suppose fi = 1 ^ X now. 
From Proposition 18.31 we have 

X - Y + Z = Tm^uqVo - Tm.uqVq = 

as required. □ 

In the two following lemmas suppose {ii{u), X{u)) = (1, 1). 
Proposition 8.6. We have Tm^RgSz p{z,q)Y[u, z]v,t) = 0. 

Proof. For all u E V we have (L[_i]'u)o = 2-ni{L^iu + Lqu)q = 0. By Proposition (18. 5p we 
have 

= rA/((L[_i]M)o6og''°) 

= rM((Res, P{z, q)Ym-i]U, z]vdz)oq''°) 

= TM((Res, P{z, q)d,Y[u, z]vdz)oq''') 

= -rM((Res, d.Piz, q)Y[u, z]vdz)oq''°) 

= -TM{{ResMz,q) + G2{q))Y[u,z]vdz)oq'''). 

By Proposition f l8.3p . the G2{q) term contributes nothing, so the result follows. □ 



Proposition 8.7. We have 



(2m)2gA + V^Gslg) Sm{u,t) = SMiRes,Ciz,q)L[z]udz,T). 



dq 



Proof. We start with equation (18. 2p . Multiply through by q ^1"^^ and substitute u = oj = 
(27rz)2(a; - c/24 |0)), so that uq = (27rz)2(Lo - c/24). The right hand side is 

-i2mfTMiiLo - c/24)t;og^°-^/2^) = ~{2mfqj-TM{voq'''-''''). 
The left hand side is 

TM{{Res,P{z,q)L[z\vdz)oq''^~''^^) = TM((Res,[-C(^, g) + zG^iq) - T^i]L[z\vdz),q'^<^-'l^^) 

= G2{q)V,TM{v,q'^'-''^') 

- TM((Res, C{z, q)L[z\vdzW^^^-'l^''), 

having used ^jJ([i])V = Vvh and Proposition (18. Sp . □ 

Thus Theorem 18.11 is proved. 
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9 Exhausting a conformal block by supertrace func- 
tions 



Let (f),ip & C We will say is lower than ip (and ip is higher than 0) if the real part of is 
strictly less than that of ip. 

Let S{u, t) G C{g, h). In this section we show that S may be written as a linear combination 
of supertrace functions Sm{u, t) for M G Ph{g, V). We need the following proposition. 

Proposition 9.1. Let S G C{g,h) with Frohenius expansion Ii5.2^) . 

• Let j G {1,2,... b{p)}, then Cpjfi{{u — ^ — Apj) * u) = for all u E . 

• Let j e {1,2, .. . b{p - 1)}, then Cp_ij- o((w ~ 2i ~ K-hj)"^ * u) = for all u G . 

Proof. Recall equation fl4.2p - the equivalent form of CB4. Equating coefficients of log^ q 
shows that (14. 2 p holds with 5*^^- in place of S, that is 

{27iiyq—Spj{u,T) = —Spj(ReSz P{z, q)L[z]udz,T). (9.1) 

Let us equate coefficients of q^P'^ in (19. ip . The left hand side gives {2ni)^ \pjCpj^Q{u) , while 
the right hand side gives Cpj^ applied to 

2iTi ReSz ^5— L[z]udz = Res^ w^^{l + w)^'^Y{{2iTiyu, w)udw 

- (c/24) Res^ w^^{l + w)^\°)Y{{2mf |0) , w)udw 
= {27rif{Lo - c/24) * u. 

This proves the first part. 

Without loss of generality let Xpj = Xp-ij- Equating coefficients of log^~^ q in (14.20 yields 

{2TiiY q—Sp-i^j{u, t) = — S'p_ij(ReS;2 P{.z, q)L[z]udz, r) — p{27Ti)^Spj{u, r). (9.2) 

Equating coefficients of q^p-^'J yields 

Cp_ij-o((w - c/24 - Xp-ij) *u) = pCpjfi{u). 
This, together with the first part of the proposition, implies the second part. □ 

Let S have the expansion (15.21) . Following Section [7] we have 

N 

for some constants G C. The sum runs over the /;,- invariant irreducible ZhUg(y)-modules 
A^. Proposition 19.11 implies that is nonzero only for N that satisfy c^Itv = Xpj + c/24:. 
Now consider 

5^a^5i(^)(n,r)Gg^-C[[gi/l^l]]. 

N 
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The coefficient of q^P'^ is nothing but Cpj^Q. Therefore the series 

S'{u,t) = Spj{u,T) - ^aArS'L(7v)(M,r) 

N 

has lowest power of q whose exponent is higher than Xpj. The coefficient of the lowest power 
of q in S'{u,t) is /i-supersymmetric, so we may write it as a linear combination of T/v as 
above. The modules that occur must be different than the ones used in the ffist iteration 
because u acts on these modules by some constant higher than Xpj + c/24. We subtract the 
corresponding Sl^n^^Ujt) as before and repeat. The process terminates because there are 
only finitely many irreducible Zhug(y)-modules. We obtain Spj{u, r) as a linear combination 
of Sm{u,t)- It follows that Spj{u,T) G C{g,h). 

We may repeat the argument above, using the second part of Proposition [9lTl to conclude that 
Sp-ij{u,T) e C{g,h) also. Hence Sp-ij satisfies (19. ip in addition to (19. 2p . Together these 
equations imply p = 0. Thus S = J2j ^p,j is a linear combination of supertrace functions. 

In summary we have proved the following theorem. 

Theorem 9.2. Let V be a C2-cofinite VOSA with rational conformal weights. Let G be a 
finite group of automorphisms ofV. Suppose Zh.Ug{V) is finite dimensional and semisimple 
for each g E G. Now fix commuting g,h G G. Let A^,...A'^ be the h-invariant simple 
components ofZhu.g{V), let N'^ be the irreducible A^-module, and let M* = L{N^). The space 
C{g, h) of conformal blocks is spanned by the following supertrace functions. 

q ( \ — j STr^/» ■uo7Q'^°~''''^^ ^/^* is o/Type I, or is o/Type II and h{^) = — ^, 

^M^[U, rj - j ^^^^^ ^5 jypg II _ 

where 7 is as defined in Section^ on and then extended to M* using equation 1(8. 
Combining Theorems 19.2! and 14.1! yields Theorem 11.31 



10 The neutral free fermion VOSA 

As a vector superspace, the neutral free fermion VOSA V = F{ip) ([9], pg. 98) is the span 
of the monomials 

where G 1/2 + Z, ni < . . . < rig < 0, and the monomial has parity s mod 2. The VOSA 
structure is generated by the single odd field 

nGZ nGl/2+Z 

The action of the modes on V is by left multiplication, subject to the relations ipn |0) = for 
n > and the commutation relation 

(PraVn + Vn'-Pm = Sm-n [Y {ip, z) ,Y {ip, w)] = 6{z, w) . 
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The Virasoro vector is ^ 

^ = 2*^-3/27^-1/2 |0) . 

The element (f = f-1/2 |0) has conformal weight 1/2, and the central charge of is c = 1/2. 
This VOSA is Ca-cofinite. 

Let G = {1, ay} = Z/2Z. In this section we explicitly compute the conformal blocks C{g, h; u) 
for u = |0) and u = ip. To do so we determine the (7-twisted Zhu algebra and its modules, 
look up the corresponding /i-supersymmetric functions in the table of Section [3, and extend 
these to supertrace functions using equation flS.ip . 

Let g = (Jv- We have e^p = —1/2 and 

(f o.^v = ReSw w"(l + wy^'^~^^'^Y{(p, w)vdw = ip{n)V 

(Definitions 12.21 and 16 . II) . Therefore J^^ contains all monomials except |0), hence Zh.n(jy{V) is 
either C |0) or 0. Note that the adjoint module V is a positive energy cxy-twisted V"-module, 
therefore Zhuo-^(V^) = C|0). The unique irreducible Zhuo-^(V^)-module is iV = C and the 
corresponding cry-twisted V^-module is L{N) = V. 

Let h = 1. Then we can take 7 = 1 and C((Ty, l;u) is spanned by 

STryMog^"-'/'^ 

Let h = ay now, which acts on Zhuo-^(l^) as the identity. Again 7 = 1, but its extension to 
V according to equation (18. ip is now cry rather than the identity. C{av, crv] u) is spanned by 

STryMocryg^«-'/24 ^ TryMog^«-^/'^ 



Let g = I- We have 

(fi o^v = ReSui w'^{l + w)^^'^Y{(f, w)vdw, 

so in Zhui(V^) any mode for n < —2 is a linear combination of modes ip(^k) for k > n. 
Hence Zhui(y) is a quotient of C |0) + dp. In fact Zhui(y) = C |0) + C(p, we prove it 
below by exhibiting an irreducible positive energy 1-twisted V^-module M such that Mq is 2 
dimensional. The unit element of Zhui(y) is |0) and we readily compute that ip * ip = ^\0). 
Therefore Zhui(V^) = C[^]/('U^ = 1), where 1 is the image of |0) and ^ is the image of y/2ip. 

We construct M as follows: it has basis 

where G Z, rii < . . . < < and the parity of this monomial is s mod 2. The modes of 
the field 

Y'\.p,z) = J2^f^'z—^ 

satisfy ^p^^ |0) = for n > 1 and ^p^^p^ + ip^ip^ = 6m,-n- Note that Mq = CI + Cip^l. The 
unique irreducible Zhui(y)-module is = Mq and the corresponding 1-twisted ^-module is 
L{N) = M. 
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Let h = 1. According to the table of Section [7] we have 7 = and the space of h- 
supersymmetric functions is spanned by -u 1— )■ Trjvu^. The extension of 7 to M is 

and 1; m) is spanned by 

Let h = ay- In this case h\Jq^^ = id^^ so 7 = ajy. When extended to M we have 7 = (Tm- 
Therefore C{l,av',u) is spanned by 

STrMC7/"-'/'' = TrM^V"-^/^^ 



10.1 Conformal blocks in weights and 1/2 

Recall the Dedekind eta function defined by (13.41) . Applying some basic combinatorics to the 
formulas above shows that: 



C{av, 1; |0)) is spanned by q-'^^^ SCh(y) = q-'/^^ - 



n>0 



C{av, crv; |0)) is spanned by g"^/^^ Ch{V) = q-^^^^ Hi^ + 

n>0 

C(1,1;|0)) = 0, 

and C(l, ay; |0)) is spanned by q-^^^^q^^^^ Ch(M) = q'^^^^ Y[{1 + q"^ 

n>0 



^(2r)- 



The third of these holds because the space is spanned by the trace of an odd linear map. In 
the fourth we have used LqIa/o = 1/16, which can be seen after a direct computation with 
the Borcherds identity. 

Theorem O implies that if /(r) G C{g,h; |0)) then /(Ar) G C{{g,h) ■ A- |0)) for all A e 
SL2{'L). This may be verified directly for the generators T = ( J ^ ) and S = ( ? ) using the 
explicit forms above together with Proposition 13. 2[ 



Since L^p = Lqlp, we have Vi^ = = 1/2. Note that if {g, h) 7^ (1, 1) then C{g^ h;(f) = 
because it is spanned by the (super)trace of an odd linear operator. For g = h = 1 we have 

where e = (—1)*"^ if Ug = and (—1)^ otherwise. Therefore 

oo 

C(l, 1; if) is spanned by g-i/48^i/i6 "Q^^ _ ^ ^^^^^ 

n=l 

which is a weight 1/2 modular form in accordance with Theorem II. 3[ 
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11 The charged free fermions VOSA with real confor- 
mal weights 



As a vector superspace, the charged free fermions VOSA V = F^^{i{j,ip*) pg. 98) is the 
span of the monomials 

where ir,js G Z, ii < —1, ji < . . . < jn < —1, and the parity of the monomial is 

(m + n) mod 2. The VOSA structure is generated by the two odd fields 



Y{^l;,z) = J2An)Z'''-' and ^) = ^ 



n—l 

y 

neZ nGZ 



The action of the modes on V is by left multiphcation, subject to the relations ip^n) |0) = 
^(n) I*-*) ~ ^ ^'-'^ n>{], and the commutation relations 

[^(m),^(*„)] = ^(m)^(*„) + V^(n)^(m) = ^m+n,-! [Y {ip , z) ,Y {ip* , w)] = 6{z,w). (11.2) 

All other commutators vanish. 

Let a G M. We define a Virasoro vector ([9], pg. 102) 

u'' = a (V'(-2)^(-i) |0)) + (1 - a) (^(*„2)^(-i) |0)) . (11.3) 
We write L"'{z) = Y{u"', z). With respect to this choice of Virasoro vector we have 

= 1 — a and A^* = a. 
The central charge of is c = — 2(6a^ — 6a + 1). This VOSA is C2-cofinite. 



11.1 Twisted modules 

Fix /i, A G C of unit modulus and let the automorphisms g and h oiV he defined by 

extended to all n*^ products (note that the Virasoro element is indeed fixed by g and h). Let 
/i = e^'^*'^ and A = e^'^*'' where S,p ^ [0, 1), we do not require these to be rational numbers. 
Hence g and h need not have finite order. 

A (7-twisted l^-module M will have fields 

ne-[i5] ne[5] 
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and the modes must satisfy 

[C, = + C^V^^ = Sm^n,0. (11.4) 

Let us put M = V, iIj^{z) = z^'^iplz) and ■ijj*^^{z) = z''iIj*{z) where x G —[6] — [a]. We may 
easily confirm that 

i^n = i^{n-a-x) and ^J*/^ = 

have the correct commutation relations flll.4p . Therefore M = M^^^ = \^ is given the 
structure of a positive energy ^f-twisted \^-module, as long as we choose x so that ip^'^ and 
annihilate |0) for n > 0. This leads to the requirement < a + x < 1. 

For g ^ I this requirement fixes x uniquely and so M G P{g,V) (it is clear that M is 
irreducible). Notice that a + x = 1 — 5. 

U g = 1 then 5 = 0, we have the choice of putting x = l — aorx = —a and we get a module 
in P(l, V) either way. In the first case ip^^ = ip(n-i) and = ip^^)^ = C |0) + Cip. In 

the second case Mq = C |0) + C^^* and / : Mq ^ Mq defined by /(|0)) = ^* and fitp) = |0) 
lifts to an equivalence from the first to the second module. It is convenient to take the first 
model of the 1-twisted module, since then in all cases we have a + x = 1 — 6. 

11.2 Zhu algebras 

Let g ^ I. If e„ + = —1 then 

ipo^v = Res^ w"(l + w)^'^^^'^Y{iIj, z)vdw e Jg. 

It is possible to write ip(n)V as a linear combination of 4j(k)V for k > n whenever n < —1. The 
same goes for ip*. Iterating this procedure reveals that Z}mg{V) is a quotient of C |0). The 
existence of the positive energy (7- twisted module exhibited above shows that Zlmg{V) = 
C|0). 

Let g = 1. The same argument as above holds but with n < —2. Thus Zhui(V^) is a 
quotient of C |0) + Cip + Cip* + Cip(-i)'ip'' ■ Calculating the products of these four elements 
reveals that their span is isomorphic to End(C^'"'^) via ip i— )• E21, ip* 1— )■ -E12 and 
(a — l)-^!! + aE22- Since we have constructed an irreducible positive energy 1-twisted V- 
module we have Zhui(V) = End(C"'^'^). 

Note that Theorem 11.31 has nothing to say unless g, h have finite order and a G M is chosen 
to lie in Q. Even so, we can press on and write down supertrace functions. We have seen 
that the Zhu algebra is always of Type I, so there is a single supertrace function associated 
to ((7, h), which is 

STrM«o''7g^"-^/'^ 

where M is the unique module from P{g, V). But what is 7? For g ^ 1 the automorphism 
h restricts to the identity on Zhxigiy), therefore equation (18. ip gives 7 = . From the 
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construction of M^^^ we see that •y = h ^ in the g = 1 case too. Next we restrict attention 
to M = |0) and write 

for brevity. Next we will express the twisted supercharacters Xfi,x{'^) terms of Jacobi theta 
functions and derive modular transformations. 

11.3 Twisted Supercharacters 

The conformal weight h = h{M) of an irreducible V^-module M is defined to be the eigenvalue 
of Lq^ on the lowest graded piece of M. We use the Borcherds identity to compute h{M) for 
the twisted l^-modules M defined above. 

Put u = ip, V = ip* , so that [e„] = —[6] and [e^] = [6] in the Borcherds identity, (12. ip . Let 
m = —6, k = 6 and denote by LHS(?7,) the left hand side of (12.11) with these choices of u, v, 
m, and k. We have 

LHS(-l) = (^(-D^lo"" - + «)(^{o)^*)f 
and LHS(-2) = (^(-2)^*)o''' - + a)(^(-i)^*)o'' + l{6 + a){6 + a + l)(^(o)^*)f ■ 

Rearranging and using ip(o)ip* = |0) yields 

(7/^(_2)V^*)o = LHS(-2) + {6 + a) LHS(-l) + ^{6 + a){6 + a - 1). 

The corresponding right hand side of (12. ip is 

RHS(n) = E bP-s+n-,rs+,-n + . 

If we apply this to |0), then the first term vanishes and the second term equals (— 1)". 
Therefore, when applied to |0), 

(V'(_2)^*)o = l-{5 + a) + \{5 + a){5 + a- 1). 

A similar calculation shows that, when applied to |0), 

(V'{-2)V')o = -{8 + a) + \{5 + a){5 + a + 1). 
Combining these with (I11.3P yields 

h{M) = \{5-a){5 + a-l) = \ [x{x - 1) + 2ax\ (11.5) 

(having also used a + x = 1 — 5). 

Let 0(r) = n^=i(l - g"), so that i^{t) = q'/^''<f){r). 
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Applying ip^-n) = i'^^+a+x ^'^ ^ monomial in V raises its Lo-eigenvalue hj n — a — x 
n — {1 — 6). Similarly = i'-^n+i-a-x raises the eigenvalue hj n — 6. We have 

oo oo 



n=l n=l 



The first product is the contribution of the ip terms, the second is that of the ip* terms. Note 
that when g = h = 1 the supercharacter vanishes. 

Recall the Jacobi triple product identity: 

oo 

n (1 - z'ni^ + + z'^'-'y-') = J2 -2"' I/'"- 

m=l nGZ 

Set z = g^/^, and = —Xq^^^^^. We obtain 

^^^^ n& 



g27ri[/i(M)-{c-l)/24]T 



77(r) 

where 6{z] r) is the Jacobi theta function defined by (13.51) 



e{{6-\)r + {p-\)-T) 



11 A Modular transformations 

Let A = 5 — \ and B = p — ^. Using Proposition 13.31 we have 



g27rj[/i-(c-l)/24](r+l) 



X,Ar + 1) = p--T e{A{T + 1) + B; r + 1) 

r/(r + 1) 



,27ri[/i-(c-l)/24] ^ 



27ri[/i-(c-l)/24]r 

^(Ar + (5 + A+i);r) 



g7ri/12^(^) 
27ri[/i-(c-l)/24]T 

1 



,2.i[h-c/24]^ 173 ^^((5 - i)r + (5 + p - i); r). 



This is proportional to x^l,\^J.('^) A/x- twisted supercharacter of the irreducible /x- twisted 
l^- module. 

Using Proposition 13.31 again we have 

^27ri[/i-(c-l)/24]/r 

X,A-IM = ^^^^^ e{{Br - A)/t; -1/t) 

-27ri[h-(c-l)/24]/r 



(-ir)V2^(r) 

„27ri[BV2]r 

g-27riABg-27ri[h-{c-l)/24-A2/2]/T£ ^(^^^ _ ^. 

r/(r) 
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Recall the formula for c in terms of a, we use it to obtain 



^(c - 1) + = \{-Aa^ + 4a - 1) + i(<5 - \f 

= \[5-\f-\{a-\f (11.6) 
= \{6 - a){5 + a - I) = h{M). 

Hence 

2-Ki[B^/2\T 

X,,A(-l/r) = e-^"^^ " e{Br - A-r). 

r]{T) 

But by calculation flll.6p again, = /i(M') — ^(c — 1) where M' is the irreducible A-twisted 
^-module. Therefore x^i,\{~^^/'T) is proportional to Xx,^l'^{'^) the /x^^-twisted supercharacter 
of the irreducible positive energy A-twisted V^-module. 

In summary Xi,i = and XfM,x{^'T) oc Xip,x)-A{'T) for {g, h) ^ (1, 1). If a G Q our VOSA has 
rational conformal weights, if yU and A are roots of unity then g,h lie in some finite group of 
automorphisms of V . In this case we may apply Theorem 11.31 and it confirms the modular 
transformations of the x^l,\{'^) computed above. Note that the direct computation holds for 
all a G M and g,h of unit modulus. 



12 VOSAs associated to integral lattices 

Let {Q, (■, ■)) be a rank r integral lattice with positive definite bilinear form (-, ■). Let [) = 
Q ®i C with the induced positive definite bilinear form (■,■). The loop algebra f) = is 
equipped with a Lie bracket as follows: 

[/^r , h'f] = m {h, h') Sm,-n. 

Let S-{i)) = U{^)/U(i))l)[t]. We write hm for ht"^. Explicitly has a basis of monomials 

where the range over a basis of [), and rii < . . .ns < —I are integers. 

The twisted group algebra C^IQ] of Q is a unital associative algebra with basis {e"|a G Q}, 
unit element 1 = e°, and multiplication e"e^ = e(a,/9)e°+^ where the function e : Q x Q ^ 
{±1} has been chosen to satisfy 

• e(0, a) = e(a, 0) = 1 for all a E Q, 

• e(a, 6)e(a + b,c) = e(a, b + c)e(6, c) for all a,b,c E Q, 

• e(a,6) = e(6,a)(-l)<'^'^>+<"''^><'''''> for all a,beQ. 
It may be shown that such e exists. 

Associated to this data there is a VOSA ([9], pg. 148). 
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Definition 12.1. The lattice VOSA {Vq, |0) ,Y,u) associated to Q is defined to be Vq = 
5'_([)) ®Ce[(5] as a vector superspace, where the parity of s(8>e" is {a, a) mod 2. The vacuum 
vector is |0) = 1 ® 1. Let h E i), a E Q, and n G Z. Define hn : Vq ^ Vq hj 

hn{s ® e") = {hns) ® e" for n < 0, 
K{l®C,[Q]) = Q forn > 0, 

/io(l®e") = (/i,a)l®e", 
and [hm, h'J = m {h, h') 5m -n- 

Put h{z) = Y.n& hnZ-'^-^ and 

Taiz) = e^z"" exp(- ^ — Oj) exp(- ^ — "j), 

where by definition e"(s®e^) = e(a, /3)(s(8)e"''"'^). The state-field correspondence is given by 
Y{h ® l,z) = h{z), Y{1 (g) e", z) = Ta{z), and is extended to all of Vq by normally ordered 
products, i.e., 

Y{hna, w) = ReSz [h{z)Y{u, w)iz,w{z — w)" — Y{u, w)h{z)iw^z{,z — wY] dz. 
Finally, the Virasoro vector is 

where {a*} and {V} are bases of f) dual under (-, ■), i.e., {a\V) = 6ij. 
Some commutators between the generating fields are 

[h{z), h'{w)] = {h, h') dyj6{z, w), 
[h{z),Ta{w)] = {a,h) r„(w)5(z,w). 

There is an explicit expression for [rQ,(2;), r^(w)] which we will not require. The conformal 
weight oih = h_i |0) G (g) 1 is 1, the conformal weight of 1 ® is (a, a) /2. The central 

charge of V equals the rank r of Q. The lattice VOSAs are known to be C2-cofinite. 



12.1 Irreducible modules and their (super)characters 

Let G = {l,av}- It is explained in [9] that Vq is cry-rational. If Q is an even lattice, i.e., 
{a, a) G 2Z for all a E Q, then Vq is purely even and so cxy = 1. We focus on the case Q is 
not even. The same proof as in [9] shows that Vq is also 1-rational. 

Let Q° C i}he the lattice dual to Q and let 6 E Q°. We define 

Y\h,z) = h{z) + {6,h)z-\ 

Y^(e'',z)=z^^'''^TJz). ^ ■ ' 
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Under this modified state-field correspondence V acquires the structure of a positive energy 
(Ty-twisted \^-module (see [12] Section 5). The \^-module structure depends on 6 only through 
6 + Q. Via this construction the cosets of Q° modulo Q are in bijection with the irreducible 
positive energy (cxy-twisted) Vg-modules [9]. The Virasoro field acts on {V,Y^) as 

L\z) = L{z) + \z~' [{6, U) a\z) + (5, a^> h\z)] + ,-2. 

i=l 

From this we see that the Lg-eigenvalue of 1 ® e° is (a + 5, a + 5) /2. The Lg-eigenvalue of 
G f) is 1 as before. 

In a similar way the irreducible positive energy 1-twisted ^-modules are exactly (V, V) 
(defined as in (112. ip ) but for p G f) satisfying 

(2p,a) = (a,a) (mod 2) (12.2) 

for every a Q. 

Let {a*} be a basis of Q and let p(a*) denote the parity of {a\a^). Let {6*} be the basis of 
Q° dual to {a*}, and let 

" = ! E E 

p(a')=l p(a*)=0 

Clearly p satisfies equation (112. 2p for a G {a*}. Now let a = fc^a* where ki G Z. Then 
(2p, a) = A;i (2p, a*) and (a, a) = kjkj (a\ a-') 

but 

fcifcj (a*, a^') = ^ /cf (a*, a*) = ^ A;* (a\ a') = ^ /^i (2p, a*) (mod 2), 

i,j ill 

SO p satisfies (112. 2p for all a G Let Q' be the set of all elements of P) satisfying (112.21) 
for all a E Q. If Q is an even lattice then Vq is a VOA rather than a VOSA, cry = 1, and 
Q* = Q° . \i Q is integral but not even then Q° U Q* is a lattice containing Q° as an index 2 
sublattice. 

As noted in the introduction, all components of Zhug(\^) are /i- invariant for each h E G and 
'J = h. The space C{g, h; |0)) is spanned by STrjvf hq^^-'^l'^'^ where M ranges over P{g, V). 

The bosonic part ^.(f)) of the tensor product S^{bi) ® CJQ] is purely even and 

^-^•/24 1 
^-c/24 rp Lo _ 1 _ ^ 

To determine the contribution of Ce[(5] we introduce 

and ns,Q{q) = STrc,[g] = ^.^{.,o.) _ 
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We see that 



C{g,av', |0)) is spanned by 




, and C{g, 1; |0)) is spanned by 




where in each case 6 ranges over Q°/Q (resp. Q'/Q) if g = ay (resp. g = 1). 



The transformation 




of the usual lattice theta function under r —^/t is proved using Poisson summation 
[7] (here discQ is the discriminant, defined to be the determinant of the Gram matrix of 
an integral basis of Q). Using the same method, the SL2{'L) transformations of G and 11 
may be deduced. The results confirm the conclusion from Theorem ll.3[ that C(l, 1; |0)) 
is a modular invariant family of weight 0, as is the direct sum of the other three spaces 



C:(l, ay; |0)) © CK, 1; |0)) © CK, ay] |0)). 
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